Use of the atomic force microscope (AFM) in quantitative force measurements inherently requires a theoretical framework enabling conversion of the observed deflection properties of the cantilever to an interaction force. In this paper, the theoretical foundations of using frequency modulation atomic force microscopy (FM-AFM) in quantitative force measurements are examined and rigorously elucidated, with consideration being given to both 'conservative' and 'dissipative' interactions. This includes a detailed discussion of the underlying assumptions involved in such quantitative force measurements, the presentation of globally valid explicit formulae for evaluation of so-called 'conservative' and 'dissipative' forces, discussion of the origin of these forces, and analysis of the applicability of FM-AFM to quantitative force measurements in liquid.
Introduction
Quantitative force measurements using the atomic force microscope (AFM) intrinsically require a relation connecting the observed deflection properties of the cantilever to an interaction force. For static measurements [1] , this relation is trivial and has facilitated its widespread use. However, the well known jump-into-contact instability of the cantilever can severely restrict the applicability of this technique, particularly in the measurement of short-range attractive forces. Dynamic force measurements [2] overcome this limitation by enabling the use of stiff cantilevers, while simultaneously enhancing sensitivity. However, despite their advantages, such dynamic techniques introduce significant complexity to the interpretation and extraction of quantitative 4 Author to whom any correspondence should be addressed. 5 Work performed while on leave at: SFI Nanoscience Laboratory, Lincoln Place Gate, Trinity College, Dublin 2, Republic of Ireland.
force data. In this paper, we address this issue and present a detailed discussion and analysis of the theoretical framework for dynamic force measurements. We specifically focus on frequency modulation atomic force microscopy (FM-AFM) [2, 3] (for a review, see [4] ), where a feedback circuit self-excites the cantilever at its resonant frequency, and consider the case where the amplitude of oscillation is kept constant and independent of the tip-sample separation.
To begin, we elucidate the connection between the observed frequency shift and change in driving force with socalled 'conservative' and 'dissipative' forces. In so doing, we establish that such terminology may not necessarily reflect the true nature of the force, as is commonly assumed. We also present a detailed discussion of the underlying assumptions involved in interpreting the frequency shift and driving force unequivocally in terms of an interaction force. This poses severe restrictions on measurements where the force experienced by the tip is not a unique function of the tip-sample separation, e.g., adhesion and bond breaking measurements, as we shall discuss. Such vital considerations are usually ignored in FM-AFM force measurements. With this fundamental theoretical framework in hand, we then present explicit formulae for both 'conservative' and 'dissipative' forces, that are valid for any amplitude of oscillation. These formulae extend the results given recently by Sader and Jarvis [5] for 'conservative' forces, by enabling both 'conservative' and 'dissipative' forces to be determined. Importantly, these formulae present a significant advance on other theoretical approaches for force extraction [4, [6] [7] [8] , by permitting the force to be evaluated simply and accurately for any amplitude of oscillation. Finally, we present a detailed discussion of the applicability of FM-AFM to quantitative force measurements in ambient environments (fluids), due to its relevance to a growing number of applications in biology and colloidal science, and include corroborative experimental results [9] .
Background theory
We now derive the fundamental theoretical framework for the interpretation of FM-AFM force measurements. While aspects of this framework have been discussed previously [4, 10, 11] , a rigorous development and discussion of the underlying assumptions and formulae and their implications is yet to appear in the literature.
First, we note that in such measurements the cantilever is normally excited at its fundamental resonant frequency ω res only. Consequently, to describe the cantilever motion, it suffices to consider a damped harmonic oscillator with a single degree of freedom,
where w is the displacement of the cantilever tip from its unperturbed position, m is the effective mass of the cantilever, F int is the interaction force experienced by the tip, F drive is the driving force that excites the cantilever and b and ω res are the damping coefficient and resonant frequency of the cantilever in the absence of an interaction force, respectively. It is assumed that the interaction force is sufficiently weak so that changes in effective stiffness of the cantilever are small, leading to only minute changes in the resonant frequency. Furthermore, the motion of the cantilever is taken to be (approximately) harmonic, irrespective of the non-linear nature of the interaction force. Importantly, these fundamental assumptions are satisfied in practice under standard operating conditions, and are normally assumed in analysis of force measurements using FM-AFM [4] .
By employing a self-excitation mechanism, the cantilever tip displacement w is forced to be 90
• out of phase with the driving force F drive . Noting that the cantilever motion is (approximately) harmonic then enables the displacement and driving force to be expressed as w = a cos ωt,
where a is the amplitude of oscillation, and ω is the driving frequency. Since the driving force is 90
• out of phase with the cantilever tip displacement 6 , it then follows that the only permissible frequency of oscillation is the fundamental resonant frequency of the cantilever in the presence of an interaction force.
Next, we examine the nature of the interaction force F int . Throughout this section, we only consider the case where the cantilever is oscillating at a fixed distance from the sample, i.e., the distance of closest approach z between tip and sample is held constant.
Importantly, F int is a non-linear function of tip-sample separation in general, and can differ on the approach and retract portions of the oscillation cycle, as illustrated in figure 1 . We therefore decompose the periodic force experienced by the tip into the sum of an 'even' and an 'odd' force, i.e., the even part is the average of the approach and retract force curves, whereas the odd component is obtained by taking the difference between the approach and retract curves and dividing by two; see figure 2. We emphasize that this decomposition is completely general, irrespective of the nature of the force.
The physical significance of these 'even' and 'odd' forces, however, can be interpreted by considering the work done W per oscillation cycle of the tip,
where F is the vector force experienced by the tip, ds is the elemental position vector in the direction of motion, and the integration is performed over a complete cycle of oscillation.
Even component of force
The work done on approach of the tip to the sample is equal in magnitude but opposite in sign to the work done on retraction, since the vector force is identical on approach and retract, but the elemental position vector changes sign. Consequently, the net work done per oscillation cycle is zero, and the 'even' force can be formally connected to the 'conservative' component of the force per cycle. 
Odd component of force
The work done on approach of the tip to the sample is identical to that done on retraction, since both the vector force and elemental position vector are equal in magnitude but opposite in sign on approach and retract. Consequently, the net work done per oscillation cycle is not zero in general, and the 'odd' force can be formally connected to the 'dissipative' component of the force per cycle. However, we emphasize that such connections to 'conservative' and 'dissipative' forces, although common and appealing [4] , can be misleading and ambiguous since the origin of the forces cannot be determined solely by analysing the harmonic motion of the tip in isolation. Indeed, it is entirely possible that the 'conservative' force results from a combination of conservative, dissipative and energy gaining processes over different parts of the oscillation cycle, even though the net energy lost or gained is zero over a complete cycle 7 . Importantly, a formal connection to conservative and dissipative forces can only be made if the precise nature and origin of the forces involved is known. Therefore, contrary to convention, it is preferable to refer to these forces simply as 'even' and 'odd' in general, which shall henceforth be adopted.
With this discussion in hand, the governing equations for the 'even' and 'odd' forces are then obtained by decomposing the interaction force,
7 Such a situation can occur, for example, when the sample and/or tip surfaces are deformable, and the interaction involves both truly conservative and dissipative forces. As an illustrative example, consider the interaction between two charged deformable surfaces with fluid imbedded between them. Here, the hydrodynamic (dissipative) force can affect the separation between the surfaces, and hence the electrostatic (conservative) force. This results in the 'even' and 'odd' components of the force not being identical to the 'conservative' (electrostatic) and 'dissipative' (hydrodynamic) forces, respectively. Thus, even though the net energy lost per cycle by the 'even' force is zero, referring to it as the 'conservative' force is misleading and invalid.
Substituting equation (4) into equation (1), and performing a Fourier analysis, then gives the required results. The Fourier cosine series gives the governing equation for the 'even' force F even ,
whereas the Fourier sine series gives the governing equation for the 'odd' force F odd ,
where ω is the change in resonant frequency 8 , T is the oscillation period, z is the distance of closest approach between tip and sample, k is the dynamic spring constant of the cantilever 9 , and F 0 is the magnitude of the driving force. We note that equation (5) was originally derived by Giessibl [13] using an alternate but equivalent approach, whereas the well known relation for the average power dissipated per cycle [8] can be recovered directly from equation (6) .
To enable determination of the interaction force (both even and odd), it will be necessary that all forces are uniquely defined for a given tip-sample separation. This condition is 8 The following definitions are used for changes in resonant frequency, generalized damping coefficient, and driving force: ω = ω res + ω, = b + , F 0 =F 0 + F 0 . 9 Strictly, the dynamic spring constant is probed in dynamic force measurements, since the cantilever is oscillated at its fundamental resonant frequency. Importantly, the deflection function of a cantilever loaded by a static force applied to its end-tip is similar but slightly different to the deflection function of a cantilever oscillating at its fundamental resonant frequency. Hence, the dynamic spring constant of a cantilever oscillating in its fundamental mode is similar to its static spring constant; it typically differs from the static spring constant normally quoted by a few per cent [12] . Clearly, if higher order modes of the cantilever are used, then the dynamic spring constant will differ greatly from the static spring constant.
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Quantitative force measurements using frequency modulation atomic force microscopy-theoretical foundations satisfied by the 'even' force F even , but not by the 'odd' force F odd ; see figure 2. This limitation can be overcome by further decomposing the 'odd' force into the product of an additional odd and even function. For the additional odd function, we choose the velocity of the cantilever tipẇ(t), as illustrated in figure 3 . This generates what is commonly referred to as a 'generalized damping coefficient' (z, a, ω, w(t)) as the corresponding even function. Importantly, this decomposition is formally exact and rigorous, irrespective of the nature of F odd , and leads to the following exact expression:
with the generalized damping coefficient being uniquely defined for a given tip-sample separation, provided the distance of closest approach z is held fixed, as has been assumed in this section. Note that the generalized damping coefficient can also depend on both the oscillation amplitude and frequency of oscillation. Equations (5)- (7), and changing variables of integration, then gives the required governing equations for both the 'even' force F even and the generalized damping coefficient :
whereF 0 is the driving force in the absence of an interaction force. is the change in the generalized damping coefficient resulting from the interaction, and F 0 is the change in the driving force; both these values are with reference to their unperturbed values, i.e., in the absence of any interaction force (see footnote 8).
Fundamental requirements
Force measurements using FM-AFM are normally performed by varying the distance of closest approach z, and monitoring the change in driving force and resonant frequency. To evaluate the interaction force giving rise to these changes, equations (8a) and (8b) must be inverted. However, this is only possible if F even and are unique functions of the absolute tip-sample separation (z + a + w(t)), irrespective of the distance of closest approach z. In cases where this condition is violated, then inverting equation (8) to determine the interaction force is not justified. This vital condition is often ignored in measurements, and can lead to erroneous results. A specific case where this condition is violated occurs when bonds are created and broken at different tip-sample separations, e.g., adhesion measurements. In such a case, the breaking of bonds can lead to a reduced force as the distance of closest approach z is increased, even though the same absolute tip-sample separation is probed. Conversely, a case where this fundamental condition can be satisfied occurs in the measurement of long-range forces, e.g., vdW and hydrodynamic forces.
Also fundamental to the inversion of equation (8), as detailed in the following section, is the requirement that the interaction force is zero when the distance of closest approach is infinite. This condition is normally satisfied, but there do exist situations where it does not hold when interpreting measurements, requiring appropriate modification of the theory, e.g., see [14] .
Determination of forces
In this section, we solve equations (8a) and (8b) to obtain analytical formulae enabling the 'even' force F even and change in generalized damping coefficient to be easily and S97 explicitly evaluated from the measured change in drive force and resonant frequency. This follows the methodology developed by Sader and Jarvis in [5] , where the corresponding formula for the 'even' force F even was derived. The explicit formulae presented here for both 'even' and 'odd' forces are universally valid for any oscillation amplitude.
To begin, we note that equation (8b) can be transformed into the same form as equation (8a) using integration by parts. This leads to the following equivalent formula for equation (8b):
where
We therefore focus on the general solution of equation (9), since this also gives the solution to equation (8a). Following the analysis in [5] , we first express the unknown function B as
A(λ) is formally the inverse Laplace transform of B(z). This implicitly requires that B(z) approach zero as z → ∞, which is a fundamental condition of solution (as discussed above), and places no other restriction on B(z).
Substituting equation (11) into (9) then gives
where T (x) = I 1 (x) exp(−x), and I n (x) is the modified Bessel function of the first kind of order n [15] . Importantly, the governing equations for B(z) and (z) presented in equations (11) and (12) differ only by the function T (λa) in their respective integrands. This feature immediately enables inversion of equation (9), leading to the following exact analytical solution for B(z):
where c is a real constant. However, equation (13) is of little value in practice, since it necessitates numerical evaluation of the inverse Laplace transform, which can pose a formidable challenge. We therefore construct an approximate representation for T (x) by evaluating its asymptotic limits as x → 0 and x → ∞, and using a Padé approximant to connect these two limits:
This approximate equation gives an excellent representation for T (x), see figure 4 ; the error exhibited by equation (7) is less than 5% for all values of x, and is exact in the limits as x → 0 and x → ∞. Substituting equation (14) into equation (13), and using the properties of Riemann-Liouville fractional calculus [16] , then enables equation (13) to be evaluated explicitly, leading to the following result:
Substituting equation (10b) into equation (15), and applying equation (15) to equation (10a), then gives the required explicit formulae for the 'even' force and the change in the generalized damping coefficient:
Equations (16a) and (16b) are the results we seek, enabling the 'even' force F even and generalized damping coefficient to be evaluated explicitly from the measured frequency shift and change in driving force. We emphasize that these formulae are valid for all amplitudes of oscillation, provided the fundamental requirements detailed in section 3 are satisfied.
We now demonstrate the accuracy and validity of these formulae by presenting a simulated experiment. Note that equations (16a) and (16b) must exhibit similar accuracy, since they are derived using the same formalism. Hence, we focus our discussion on equation (16a) for the 'even' force, noting that an identical conclusion holds for equation (16b). The assessment presented is identical to that given in [5] , and is only briefly summarized here for completeness. The reader is therefore referred to [5] for a more detailed comparison and discussion.
To assess the accuracy of equation (16a), we first specify a force law, evaluate the resulting frequency shift using equation (8a), and then recover the force law using equation (16a). The accuracy and validity of equation (16a) can then be assessed by comparing the original and recovered force laws. We choose a Lennard-Jones force law [5] , consisting of a long-range attractive component and a shortranged repulsive force:
where G is a constant, and is the separation where the attractive force is maximum which sets a natural length scale for the force law. A comparison showing the original and recovered force laws is given in figure 5 . Results are presented covering the entire spectrum spanning from the case where the oscillation amplitude is small in comparison to the length scale to the situation where the amplitude is large compared to . From figure 5 it is strikingly evident that equation (16a) gives excellent accuracy, with the original and recovered force laws being virtually identical, irrespective of the amplitude chosen. Note that the maximum error of ∼5% occurs at intermediate amplitudes. This is expected, since the accuracy of equation (16a) (and equation (16b)) is dictated solely by the approximation for the function T (x). Consequently, equation (16a) (and equation (16b)) can be used with confidence to determine the 'even' force F even and generalized damping coefficient , regardless of their nature and the oscillation amplitude used.
Operation in liquids
We now examine the applicability of the above theoretical formalism to measurements conducted in ambient (fluid) environments. This section significantly extends the discussion presented in [9] with regard to the effect of fluid on cantilever dynamics.
Throughout the above analysis, it has been implicitly assumed that the effective mass of the cantilever is independent of the interaction force. While this is certainly true for operation in vacuum, measurements performed in ambient or liquid environments require careful consideration, since hydrodynamic forces imposed on an oscillating cantilever contain both dissipative and inertial components [17] . Hydrodynamic dissipative forces pose no problem, since they contribute only to the generalized damping coefficient. However, inertial forces add directly to the effective mass of the cantilever, thus modifying its resonant frequency. Therefore, unless accounted for, such inertial loading can lead to discrepancies in the measured interaction force, since the frequency shift is interpreted solely as a change in effective cantilever stiffness in the theoretical formalism.
It is well known that the resonant frequency of a cantilever immersed in fluid can differ significantly from its value in vacuum [17, 18] . For a cantilever not in proximity to a surface, calculations and measurements [17, 18] show that for typical AFM cantilevers immersed in air the resonant frequency is reduced by several per cent, whereas the quality factor is reduced by several orders of magnitude from its corresponding value in vacuum. The effect is greatly enhanced in liquid, with the resonant frequency and quality factor decreasing by a further order of magnitude in some cases [18] from their values in air. However, the critical issue for FM-AFM force measurements is the change in inertial loading as the cantilever approaches the surface, since changes in dissipation are inherently accounted for in the theoretical formalism, as discussed above.
For the formalism presented in sections 2-4 to be valid, the following conditions must be satisfied: (a) the resonant frequency must be independent of the tip-sample separation; (b) inertial loading must be independent of frequency, otherwise a change in frequency due to an interaction force will result in a change in effective mass. First, we note that the hydrodynamic length scale for an AFM cantilever is given by its width [17] . Consequently, as a cantilever approaches the surface its inertial hydrodynamic loading will only be significantly affected if the cantilever-sample separation is less than or comparable to the cantilever width. This property is demonstrated in figure 6 (a), which shows the change in resonant frequency as the cantilever approaches a surface measured using FM-AFM. As expected, the length scale for the change in resonant frequency is given by the cantilever width.
Consequently, if the tip-sample separation is much smaller than the cantilever width, then a change in separation of the order of the tip-sample distance will have little effect on the resonant frequency. This feature is demonstrated in figure 6(b) , which presents results for the resonant frequency as a function of separation when the cantilever is in close proximity to the surface. Note that the resonant frequency is independent of separation in this case. Therefore, for practical FM-AFM force measurements where the tip is by necessity in close proximity to the surface, and the change in separation is much smaller than the cantilever width, condition (a) above is satisfied.
Next, we note that inertial hydrodynamic loading is frequency dependent [17] . However, this dependence is weak and varies approximately as the square root of the oscillation frequency. Therefore, this variation can be neglected to leading S99 Separation µm ( ) Figure 6 . Measurement of change in resonant frequency of cantilever immersed in water as a function of separation. The magnetic particle is glued onto the backside of the cantilever to enable magnetic activation [20] . The resonant frequency of the cantilever (Nanosensors EFM cantilever) in water is 13 120 Hz. order since it introduces an uncertainty of ∼10% which 10 is comparable to other uncertainties, e.g., errors in spring constant calibration. Condition (b) above is therefore also satisfied. Hence, for the above formalism to be valid, the specified resonant frequency ω res in equation (1) is the value when there is no interaction force F int between tip and sample, and the cantilever is in close proximity to the surface, i.e., when the tip-sample separation is much smaller than the tip height and cantilever width, e.g., the resonant frequency shown in figure 6(b) . If the resonant frequency far from the surface or in a different fluid medium (such as air) is used for the unperturbed value ω res , then this can lead to significant errors.
To demonstrate the validity of using FM-AFM for quantitative measurements in liquid, we present results of measurements obtained in octamethylcyclotetrasiloxane (OMCTS), which exhibits short-range ordering (and hence forces) on confinement. Importantly, the force is expected to be a unique function of the tip-sample separation in this system, since no bonds are formed or broken throughout the oscillation cycle of the cantilever, thus satisfying the fundamental conditions stipulated in section 3. These results appear in [9] , and are presented here for completeness. 10 The inertial loading of AFM cantilevers is only weakly affected by proximity to surfaces, [19] . Frequency dependence of inertial loading can then be calculated using results for an unbounded fluid [17] , leading to an uncertainty of ∼10%. The reader is therefore referred to [9] for a more complete description and comparison. Measurements were performed against a freshly cleaved highly oriented pyrolytic graphite surface. To minimize hydrodynamic effects of the bulk standard AFM tip, and hence the required driving force, we used a multi-walled carbon nanotube as the probing tip. The carbon nanotube tip was made by attaching a nanotube onto a standard AFM cantilever tip (Nanosensors EFM cantilever) with a spring constant of 3 N m −1 . A magnetic particle was glued onto the backside of the cantilever to enable magnetic activation [20] . The resonant frequency of the cantilever (with magnetic particle attached) was 28.19 kHz in air. When immersed in OMCTS and in close proximity to the surface (50 nm tip-sample separation), a resonant frequency of 19.54 kHz was measured, and used in equation (1) . Interestingly, this system shows little variation and structure in the driving force as a function of separation [9] , and hence we only focus on changes in resonant frequency as a function of separation. Figure 7 (a) shows frequency shift measurements obtained using a range of different oscillation amplitudes.
As previously observed for measurements in vacuum [4] , note that the frequency shift decreases as the oscillation amplitude increases. This is expected, since the cantilever tip experiences a force over a smaller fraction of its oscillation cycle as the amplitude increases, hence decreasing the change in effective stiffness of the cantilever. Nonetheless, force curves obtained from each of these individual frequency shift measurements using equation (10a) are in good agreement; see figure 7(b).
A loss in sensitivity for the highest amplitude measurement (a = 7.9 nm) for separations greater than 3 nm is responsible for the apparent discrepancy with measurements at lower amplitudes. When the results given in figure 7(b) are scaled by the radius of the tip, force gradient values of the order of 10 mN m −1 are obtained which are also in excellent agreement with previous independent measurements. These results demonstrate the validity of the FM-AFM technique for quantitative force measurements in liquid, and when taken with the known capabilities of the method in vacuum [4] establish FM-AFM as a universal technique for quantitative force measurements regardless of the environment.
Conclusions
The theoretical foundations for quantitative force measurements using FM-AFM have been rigorously elucidated with specific regard to the underlying assumptions. In so doing, we established that decomposition of the interaction force into 'conservative' and 'dissipative' components is only valid provided strict conditions are satisfied. Use of such terminology in general can be misleading and ambiguous, and alternative terminology was proposed. We also discussed the fundamental assumptions necessary for conversion of the observed deflection properties of the cantilever into an interaction force. Importantly, cases where these assumptions are violated exist in practice, requiring modification of the existing theoretical framework or restricting its use, e.g., in adhesion measurements or measurements where bonds are formed or broken leading to a non-unique force for a given tip-sample separation. The theoretical formalism presented in [5] for 'even' forces was extended to encompass both 'even' and 'odd' forces, thus enabling access to the complete dynamic interaction force experienced by the tip. Finally a discussion of the validity of FM-AFM in quantitative force measurements in liquid was presented, establishing that the theoretical framework developed for operation in vacuum is also applicable to operation in ambient or liquid environments, provided certain modifications are implemented.
